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Abstract
Electron transport in a two-terminal Aharonov-Bohm ring with a few short-
range scatterers is investigated. An analytical expression for the conductance
as a function of the electron Fermi energy and magnetic flux is obtained using
the zero-range potential theory. The dependence of the conductance on po-
sitions of scatterers is studied. We have found that the conductance exhibits
asymmetric Fano resonances at certain energies. The dependence of the Fano
resonances on magnetic field and positions of impurities is investigated. It is
found that collapse of the Fano resonances occurs and discrete energy levels
in the continuous spectrum appear at certain conditions. An explicit form
for the wave function corresponding to the discrete level is obtained.
Key words: zero-range potential, conductance, Fano resonance, quantum
ring, scattering
PACS: 73.63.-b
Introduction1
Quantum ring interferometers of various geometry are intensively studied2
theoretically [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11] and experimentally [12, 13, 14,3
15, 16, 17, 18, 19] for several decades starting from pioneering works [1, 2].4
The interest to the systems is stipulated by several new phenomena such5
as Aharonov-Bohm oscillations [20, 21], persistent current [22, 23], electron6
trapping effect in magnetic field [24] and so forth. Recently, the interest7
to the system has been enhanced due to the experimental detection [18,8
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19] of the Fano resonances [25] in the electron transport. These resonances9
consist of asymmetric peak and dip on the energy dependence of transmission10
coefficient. They are caused by interference of bound states and continuum of11
propagating electron waves. Fano resonances in electron transport through12
various systems are widely studied in literature [26, 27, 28, 29, 30, 31].13
The simplest and most popular model of quantum interferometer is the14
one-dimensional ring with two wires attached to it. This model has been15
studied in a lot of papers [1, 2, 3, 4, 5, 6, 7]. In particular, the periodic16
dependence of conductance on the magnetic field was obtained in Ref. [1]17
using the scattering matrix approach. The dependence of the transmission18
probability on the phase shift of the transmitted wave for different degrees19
of coupling between the current leads and the ring in the presence of a flux20
was investigated in Ref. [2]. It was found that sharp resonances of the Breit–21
Wigner type exist in the transmission probability. Two mechanisms giv-22
ing rise to sharp resonances were considered. A one-dimensional quantum23
waveguide theory for mesoscopic structures was proposed in Ref. [3]. In24
particular, the conductance of two-terminal Aharonov-Bohm ring as a func-25
tion of the magnetic flux, the arm lengths, and the electron wave vector26
was found. The resonant-transport properties of the two-terminal ring and27
multiply connected ring systems threaded by the magnetic flux was stud-28
ied using the tight-binding model [4]. An explicit form for the conductance29
of the one-dimensional two-terminal ring threaded by the magnetic flux was30
found in Ref. [5] using the zero-range potential theory. The charge carrier in-31
terference in mesoscopic semiconductor rings formed by two quantum wires32
in self-organizing silicon quantum wells was investigated in Ref. [12]. The33
periodic dependence of the transmission coefficient and the phase shift on34
source-drain bias in the presence of several δ-shaped barriers in wires was35
obtained. The model of one-dimensional quantum ring was used to explain36
the results in this work.37
The presence of an additional scatterer, for instance a quantum dot or38
an impurity, in the interferometer provides new possibilities to control the39
electron transport. Therefore the effect of scatterers on the conductance is40
considered in a number of papers [6, 7, 8]. The electron transport and the41
persistent current in a mesoscopic ring connected to current leads was investi-42
gated in Ref. [7] using an S-matrix approach. The case of one impurity in the43
ring and diametrically opposite contacts was considered. A contact between44
wires and ring was defined using an a priori given energy-independent scat-45
tering matrix. It was shown that in the presence of an impurity transmission46
2
probability of the ring may exhibit resonances of the Fano type in addition47
to symmetric Breit-Wigner peaks. It was found that the transition from the48
weak to the strong coupling regime leads to Fano line shapes with gradually49
smaller asymmetry parameters, but the positions of the transmission zeros50
and ones remain unaffected. The Breit-Wigner like shape is sensitive to the51
coupling and disappears in the strong coupling limit. The presence of an52
Aharonov-Bohm flux alters the amplitudes of the Fano resonances, turning53
them progressively into broad oscillations. It was found that placing the54
impurity in a special positions in the arm and certain values of flux causes55
systematic collapse of certain Fano resonances.56
However, the effect of impurities on the electron transport in the quantum57
ring requires further analysis. In spite of the large number of theoretical58
works the case of many impurities has not been studied in detail yet. At the59
same time, strong dependence of the conductance on positions of impurities60
might be expected in the system due to quantum interference phenomena.61
The main purpose of the present paper is the investigation of the elec-62
tron transport in the Aharonov-Bohm ring containing several short-range63
scatterers. The role of scatterers may be played by impurities or small quan-64
tum dots. We consider the model of one-dimensional ring with two one-65
dimensional wires attached to it. The advantage of the model is the possibil-66
ity to obtain an analytical expression for the transmission coefficient of the67
device. In the case of one-dimensional wires the one-mode transport regime68
takes place and the conductance does not exceed a unit of the conductance69
quantum. In this case the transport properties of the device are determined70
by the single transmission coefficient. To obtain this coefficient we use an71
approach based on the zero-range potential theory that was used before in72
Refs. [32, 33, 34, 35, 36]. In this method, contacts and impurities are de-73
scribed by boundary conditions at the points of perturbations. The general74
form of the conditions is defined with the help of the self-adjoint extensions75
theory for symmetric operators [39, 40, 41, 42, 37, 38]. In the framework of76
the approach, the system is described by the single Hamiltonian and parts77
of the device are connected to each other via energy independent boundary78
conditions. At the same time, the scattering matrix of each contact is energy79
dependent in this case. Since the Hamiltonian of the device should be the80
energy-independent operator our method seems to be more accurate then the81
approach based on a priori defined energy-independent scattering matrix of82
each contact.83
It should be mentioned that non-zero width rings have been studied nu-84
3
merically [9, 10, 11]. Results of those papers are in qualitative increment85
with the results obtained in the framework of the one-dimensional model.86
In particular, the one-dimensional model describes correctly quantum inter-87
ference phenomena if the width of the ring is much smaller then its radius88
[11].89
1. Hamiltonian and transmission coefficient90
Let us consider a quantum ring Sρ of radius ρ with two one-dimensional91
wiresW1 andW2 attached to it at points A1 and A2 respectively. The scheme92
of the device is shown in Fig. 1.
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Figure 1: Two-terminal Aharonov-Bohm ring Sρ with impurities located at points Pi. The
wires are denoted by W1 and W2. Points A1 and A2 define positions of contacts, r and t
are transmission and reflection amplitudes for the electron wave.
93
We assume that the ring contains N short-range impurities at points Pi94
(i = 1, . . .N). All perturbations are described by the same method using95
the boundary conditions for the wave function. Angles defining positions of96
perturbations we denote by ϕj , where indexes j = 1, 2 correspond to contacts97
while indexes j = 3, . . . N + 2 correspond to impurities. It is convenient to98
use continuous numeration for all perturbations (contacts and impurities)99
since they all are described by the same way. Without loss of generality we100
can put ϕ1 = 0. The wires Wj are modeled by semiaxes x ≥ 0. We suppose101
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that the ring is placed in the magnetic field B perpendicular to the plane of102
the system. The magnetic flux through the ring is denoted by Φ = piρ2B.103
The electron Hamiltonian of the unperturbed ring is given by the following
equation [5]
Hρ =
~
2
2m∗ρ2
(
−i d
dϕ
+ η
)2
. (1)
Here m∗ is the electron effective mass, η = Φ/Φ0 is the number of magnetic104
flux quanta and Φ0 = 2pi~c/|e| is the magnetic flux quantum.105
The eigenvalues of the Hamiltonian Hρ are well known
Eηm =
~
2
2m∗ρ2
(m+ η)2 , (2)
where m is the magnetic quantum number.106
The electron Hamiltonian Hj of each wire Wj has the form
Hj = − ~
2
2m∗
d2
dx2
. (3)
The electron wave function of the device may be represented in the form
of one-column matrix
ψ =

 ψρψ1
ψ2

 , (4)
where ψρ is the wave function on the ring Sρ, and ψj are wave functions in107
wires Wj.108
The impurities are described by the potential
V (ϕ) =
N+2∑
j=3
Vjδ(ϕ− ϕj), (5)
where δ(ϕ) is the Dirac δ-function, and coefficients Vj define the strength of
the point perturbations. It should be mentioned that the potential V (ϕ) is
equivalent to the boundary conditions of the following form
ψρ(ϕj) =
1
vj
[ψ′ρ(ϕj + 0)− ψ′ρ(ϕj − 0)], j = 3, . . .N + 2, (6)
where ψ′ρ means the derivative of ψρ on angle ϕ and vj = 2m
∗ρ2Vj/~
2 is the109
dimensionless parameter determining the strength of the point perturbation.110
5
The contacts are modeled with the help of the zero-range potential theory
[32, 33, 34, 35, 36, 37]. If there were no contact between different parts of
the system then the Hamiltonian H0 should have the form
H0 = Hρ ⊕H1 ⊕H2. (7)
The direct sum in Eq. (7) means that each operator acts on its own part of111
the wave function and those parts are independent. Hamiltonian H of the112
systems is obtained from the Hamiltonian H0 by applying linear boundary113
conditions for the wave function at points of contacts.114
The most general form of the conditions may be obtained from the oper-
ator extension theory [37]{
ψρ(ϕj) =
bj
ρ
[ψ′ρ(ϕj + 0)− ψ′ρ(ϕj − 0)] + ajψ′j(0),
ψj(0) =
a¯j
ρ
[ψ′ρ(ϕj + 0)− ψ′ρ(ϕj − 0)] + cjψ′j(0),
(8)
where ψ′j is the derivative of ψj on x, aj are complex parameters of dimension115
of length, while bj and cj are real parameters of the same dimension (here j =116
1, 2). In the framework of the approach each contact is characterized by four117
real parameters. We note that the same general form of boundary conditions118
may be obtained from the current conservation law for each contact.119
In the present paper, we will restrict ourselves by the case of continuous
one-dimensional wave function at the point of contact that corresponds to
equal effective width of the ring and the wires. One can see from Eqs. (8)
that parameters aj , bj and cj should be equal in this case. It is convenient
to represent them in terms of the dimensionless coupling constant uj by the
equation
aj = bj = cj = ρ/uj. (9)
Then the boundary conditions are written in the form
ψj(0) = ψρ(ϕj) =
1
uj
{ψ′ρ(ϕj + 0)− ψ′ρ(ϕj − 0) + ρψ′j(0)}, (10)
where j = 1, 2.120
To obtain the transmission coefficient we have to find a solution of the
Schro¨dinger equation that is the superposition of incident and reflected wave
in the first wire and corresponds to propagated wave in the second wire.
Consequently, the wave function in the wire W1 has the form
ψ1(x) = exp(−ikx) + r exp(ikx), (11)
6
where r is the reflection amplitude and k =
√
2m∗E/~ is the electron wave
number. The wave function in the second wire is given by
ψ2(x) = t exp(ikx), (12)
where t is the transmission amplitude.121
Since the Hamiltonian H0 is perturbed by the zero-range potentials the
wave-function ψρ(ϕ) can be represented in terms of the Green functionGρ(ϕ, ϕj;E)
of the operator Hρ
ψρ(ϕ,E) =
N+2∑
j=1
Aj(E)Gρ(ϕ, ϕj;E). (13)
Here Aj(E) are coefficients which should be determined from the boundary122
conditions.123
The Green function of the Hamiltonian Hρ is well-known [5]
Gρ(ϕ, ϕj;E) =
m∗
2~2k
[
exp (i(ϕj − ϕ± pi)(η − kρ))
sin pi(η − kρ)
−exp (i(ϕj − ϕ± pi)(η + kρ))
sin pi(η + kρ)
]
, (14)
where “plus” sign corresponds to ϕ ≥ ϕj and “minus” sign should be used124
otherwise.125
We denote Qij(E) =
~2
m∗ρ
Gρ(ϕi, ϕj ;E) and αj =
m∗ρ
~2
Aj . The matrix
Qij(E) is called Krein’s Q-matrix [37, 38]. Applying the boundary conditions
(6) and (10) to the wave function given by Eqs. (11)–(13), we obtain the
system of N + 4 equations

α1Q11 + α2Q12 + . . .+ αN+2Q1,N+2 =
2α1+ikρ(r−1)
u1
,
α1Q21 + α2Q22 + . . .+ αN+2Q2,N+2 =
2α2+ikρt
u2
,
α1Q31 + α2Q32 + . . .+ αN+2Q3,N+2 =
2α3
v1
,
. . .
α1QN+2,1 + α2QN+2,2 + . . .+ αN+2QN+2,N+2 =
2αN+2
vN
,
1 + r = [2α1 + ikρ(r − 1)]/u1,
t = [2α2 + ikρt]/u2.
(15)
Using two last equations we can represent r and t in terms of αj . Then the
system takes the form
N+2∑
l=1
[Qjl − Pjδjl]αl = Dδj1, j = 1 . . . , N + 2. (16)
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Here we use the following notations
Pj(E) =
{
2/(uj − ikρ), j = 1, 2
2/vj , j = 3, . . . , N + 2,
D(E) =
2ikρ
ikρ− u1 .
The solution of system (16) may be represented in the form
αn =
∆n
∆
, (17)
where ∆ is the principal determinant of the system
∆ = det [Qjl − Pjδjl] , (18)
and ∆n is the determinant of the matrix which is obtained from the basic
matrix by replacing of n-th column with the column of absolute terms
∆n = det [(Qjl − Pjδjl) (1− δnl) +Dδj1δnl] . (19)
Taking into account Eq. (17), we can represent the transmission ampli-
tude in the form
t(E) =
2
u2 − ikρ
∆2
∆
. (20)
We note that Eq. (20) is valid for arbitrary values of magnetic field and126
contact parameters. To study the effect of impurity positions on the electron127
transport we will restrict ourselves by the case of equal contacts (u1 = u2 = u)128
and impurities (v3 = . . . = vN+2 = v).129
2. Case of one impurity and diametrically opposite contacts130
Let us consider at first the case of one impurity. Then the system (16)
consist of three equations. Using Eq. (20) and the explicit form (14) of the
Green function Gρ(ϕ, ϕj;E), we obtain the following equation for transmis-
sion amplitude t:
t(k, η) =
F1(k, η) + vF2(k, η)
F3(k, η) + vF4(k)
. (21)
Here
F1(k, η) = −16ik3ρ3 cos piη sin pikρ, (22)
8
F2(k, η) = 8ik
2ρ2e−ipiη sin[(pi −∆ϕ)kρ] sin(∆ϕkρ), (23)
F3(k, η) = 4kρ{(−u2 + kρ2iu + 5k2ρ2) sin2 pikρ
−4ikρ(iu + kρ) sin 2pikρ}
−16k3ρ3 sin piη, (24)
F4(k) = 2kρ(u− ikρ){2 cos 2pikρ− cos(2∆ϕkρ)
− cos[2(pi −∆ϕ)kρ]}
+2(u− ikρ)2 sin pikρ cos[(pi − 2∆ϕ)kρ]
+(5k2ρ2 + 2ikρu− u2) sin 2pikρ, (25)
and ∆ϕ = ϕ3 − ϕ2.131
Equation (21) coincides with the corresponding equation for transmission132
amplitude of the ring without impurities [5] if we take v = 0 and represent133
parameter u in terms of the scattering length λ by the equation u = −2ρ/λ.134
As it follows from Eqs. (21)–(25) transmission coefficient is a periodic func-135
tion of the magnetic flux with the period equal to the flux quantum. It should136
be mentioned that the behavior of the transmission coefficient changes con-137
siderably at integer and half-integer values of the magnetic flux η since the138
eigenvalues of the Hamiltonian H0 are degenerated in that case.139
We will start with the general case of non-zero magnetic field. The de-140
pendence of the transmission coefficient on the dimensionless parameter kρ141
is shown in Fig. 2. One can see that the transmission coefficient oscillates142
as a function of the electron energy. Oscillations are caused by interference143
of electron waves multiply scattered by contacts. In the absence of the im-144
purity the dependence T (kρ) exhibits asymmetrical resonances in vicinities145
of kρ = m (Fig. 2a). The maximal values of resonance peaks reach unity146
while the minimal values of dips are equal to zero. The impurity leads to147
destruction of absolute reflection and transmission that results in decrease148
of peaks and increase of dip values (Fig. 2b). This result may be explained149
with help of Eq. (21). If the impurity is absent (v = 0) then the numerator150
in Eq. (21) contains only one term F1 which vanishes at integer values of kρ.151
On the other hand, the denominator of Eq. (21) contains non-trivial real and152
imaginary parts and does not vanish at non-integer values of the magnetic153
flux. Therefore transmission coefficients has zeros at kρ = m (m is integer)154
if the ring does not contain the impurity. In presence of the impurity, zeros155
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Figure 2: Transmission probability T versus the dimensionless wave vector kρ in the
presence of the magnetic flux η = 0.14. (a) The case of the ring without impurities. (b)
The case of an impurity located at point ϕ3 = 4pi/3. All figures are plotted for u = v = 10.
disappear. However, some of them are conserved at specific positions of im-156
purity. In particular, the zero at kρ = m is conserved if the following relation157
holds sinm∆ϕ = 0.158
Let us consider the behavior of the transmission coefficient in vicinities
of energy values E0m where the asymmetric Fano resonances can appear. To
study the energy dependence of the transmission coefficient in the vicinity
of E = E0m we expend numerator and denominator of Eq. (21) in the Taylor
series up to the first-order terms. After some simply algebra we obtain the
following asymptotic expression for the transmission amplitude in the vicinity
of E = E0m
t(E) ≃ 2i(−1)m pim
2 cospiη∆E + vE0me
−ipiη sin2m∆ϕ
pim(2im− 2u− v)∆E + 4mE0m sin2 piη
, (26)
where ∆E = E − E0m.159
Equation (26) shows that the transmission coefficient does not vanish at
E = E0m in presence of the impurity if sinm∆ϕ 6= 0. However, the zero of
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transmission at E = E0m is conserved if the position of impurity satisfies the
condition sinm∆ϕ = 0 (Fig. 2b). The transmission amplitude near E = E0m
may be represented in the form
t(E) ≃ µm E −E
0
m
E − E(r)m − iΓm
. (27)
Here we use the following notations
µm =
(−1)m2im cospiη
2im− 2u− v , (28)
E(r)m = E
0
m
(
1 +
4(2u+ v) sin2 piη
pi[(2u+ v)2 + 4m2]
)
, (29)
Γm =
8mE0m sin
2 piη
pi[(2u+ v)2 + 4m2]
. (30)
Equation (27) shows that transmission coefficient has the form of asymmetric160
Fano resonance [25] in the vicinity of E0m.161
The peak of the Fano resonance corresponds to the pole E
(r)
m + iΓm on162
the complex plane. Here E
(r)
m determines the position of the resonance and163
Γm determines the half-width of the resonance curve. The zeros associated164
with the Fano resonances are situated on the real axis at the points E0m.165
One can see from Eq. (30) that the width Γm of the Fano resonance is166
proportional to sin2 piη therefore the width tends to zero as the magnetic flux167
approaches to integer values. In this case, the pole E
(r)
m + iΓm and the zero168
E0m on the complex plane coincide and cancel each other that corresponds to169
collapse of the Fano resonance.170
Let us consider now the dependence of T on k in the case of integer171
magnetic flux. The influence of the impurity on the transmission coefficient172
is shown in (Fig. 3). One can see that transmission coefficient has no zeros173
in absence of the impurity (Fig. 3a), as it was shown in previous studies [5].174
The presence of the impurity leads to decrease of oscillating maxima and175
appearing of Fano resonances (Fig. 3b).176
Zeros associated with the Fano resonances does not coincide with the
values E0m. We denote by κm the values of the electron wave vector cor-
responding to the zeros of transmission coefficient. According to equations
(22) and (23) values of κm are determined by the equation
2κρ sin(piκρ)− v sin[(pi −∆ϕ)κρ] sin(∆ϕκρ) = 0. (31)
11
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Figure 3: Transmission probability T versus the dimensionless wave vector kρ at the zero
magnetic field. (a) The case of the ring without impurities. Transmission coefficient has
no zeros in this case. (b) The case of an impurity located at ϕ3 = 1.475pi. One can see
sharp Fano resonances in vicinities of kρ = 2n, where n is integer.
The following approximate expression for κm may be obtained if | sin(n∆ϕ)| ≪
1:
κn ≈ n
ρ
− v sin
2 n∆ϕ
2pinρ
, (32)
The corresponding electron energy is given by
E(z)n =
~
2κ2n
2m∗
≃ ~
2
2m∗ρ2
(
n− v sin
2 n∆ϕ
2pin
)2
. (33)
Let us consider the behavior of the transmission amplitude in the vicinity
of E
(z)
m . For this purpose we expand the numerator and the denominator of
t(k) in Eq. (21) in the Taylor series near km = m/ρ neglecting the second
order terms with regard to sinm∆ϕ. Then we get the following approximate
equation for t(k):
t(k, 0) ≃ 2ipi(−1)
m+1m2ρ(k − κm)
pimρ(v − 2i)(k − km) + v(u− im) sin2m∆ϕ
. (34)
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Now we introduce the following notations:
µm = −2i(−1)
mm
(v − 2i) , (35)
E(r)m ≃ E0m
(
1− 2v(vu+ 2m) sin
2m∆ϕ
pim2(v2 + 4)
)
(36)
and
Γm ≃ 2E
0
mv(vm− 2u) sin2m∆ϕ
pim2(v2 + 4)
. (37)
Then we obtain the following equation for the transmission amplitude in the
vicinity of κm
t(E) ≃ µm E −E
(z)
m
E − E(r)m − iΓm
. (38)
One can see from Eq. (38) that the transmission amplitude has the form177
of the Fano resonance in the vicinity of E
(z)
m . The the width of the resonance178
curve is determined by the position of the impurity. If the position satisfies179
the condition sinm∆ϕ = 0 then the collapse of the Fano resonance in the180
vicinity of E
(r)
m occurs (Fig. 4). It should be mentioned that the similar result181
was obtained in Ref. [7] in the framework of the scattering matrix approach.182
We note that the Fano resonance near E0m disappear if the magnetic field183
is absent and the impurity position is determined by the equation ϕ3 = lpi/n184
where n is the integer divisor of m. In the case of the non-zero magnetic field185
the resonances at those E0m appear again.186
Let us consider in detail the case of half-integer magnetic flux. The trans-187
mission coefficient vanishes for all electron energies if there is no impurity188
on the ring and contacts are located in diametrically opposite points. The189
presence of the impurity leads to appearance of the non-zero transmission190
as follows from Eq. (21). The phenomenon might be explained in terms of191
the electron wave phase. The electron waves spreading on the ring from the192
point A1 in different directions get phase shifts pi(kρ + η) and pi(kρ − η) at193
the point A2 (Fig. 1). The phase difference is equal to 2piη therefore those194
waves have opposite phases in the second lead and cancels each other for195
all energies at half-integer values of the magnetic flux η. Consequently the196
reflection coefficient equals to unity and the device may be considered as an197
ideal electron mirror. The impurity breaks destructive interference and the198
non-zero transmission coefficient appears.199
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Figure 4: Transmission probability T versus the dimensionless wave vector kρ at the zero
magnetic field. (a) The impurity is located at point ϕ3 = 1.475pi. One can see the Fano
resonance in the vicinity of kρ = 4. (b) Collapse of the Fano resonance occurs if the
impurity is located at ϕ3 = 1.5pi.
Let us consider the dependence of the transmission coefficient on the mag-200
netic field that is represented in Fig. 5. It follows from Eq. (21) that T (k, η)201
is a periodic function of η with the period equal to 1. The dependence of202
the transmission coefficient on η contains one or two maxima on the period203
(Fig. 5a) depending on the electron energy and the impurity position. Fig-204
ure 5b shows that maxima of T (η) can conjugate and diverge with variation205
of the electron energy. The similar features are present on the dependence of206
the transmission coefficient on the magnetic field and the impurity position.207
3. Non-opposite position of contacts208
Let us consider now the system with contacts attached at arbitrary points
(ϕ2 − ϕ1 6= pi). The transmission amplitude in this case is given by
t(k, η) =
F˜1(k, η) + vF˜2(k, η)
F˜3(k, η) + vF˜4(k)
, (39)
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Figure 5: (a) Transmission probability T versus the magnetic flux η for the case of di-
ametrically opposite contacts for several impurity positions: ϕ3 = 1.02pi (solid line 1),
ϕ3 = 1.033pi (dashed line 2) and ϕ3 = 1.06pi (dotted line 3). (b) Transmission probabil-
ity T as a function of magnetic flux η and dimensionless wave vector kr for the case of
diametrically opposite contacts. The impurity is located at the point ϕ3 = 3pi/2.
where
F˜1(k, η) = −8ik3ρ3e−iϕ2η{sin[(2pi − ϕ2)kρ]
+e2ipiη sin(ϕ2kρ)}, (40)
F˜2(k, η) = 8ik
2ρ2e−iϕ2η sin[(2pi − ϕ3)kρ] sin(∆ϕkρ), (41)
F˜3(k, η) = 2kρ{u2 cos 2pikρ
+(iu+ kρ)2 cos [2(pi − ϕ2)kρ]
+kρ[4kρ cos 2piη − (2iu+ 5kρ) cos 2pikρ
+4(u− ikρ) sin 2pikρ]}, (42)
and
F˜4(k) = 2ikρ(iu + kρ){cos[2(pi −∆ϕ)kρ] +
15
+cos [2(pi − ϕ3)kρ]− 2 cos 2pikρ}+
+(iu+ kρ)2{sin [2(pi − ϕ3)kρ]−
− sin [2(pi − ϕ2)kρ]− sin [2(pi −∆ϕ)kρ]}+
+(5k2ρ2 + 2ikρu − u2) sin 2pikρ. (43)
If the ring has no impurities and the magnetic field is absent then Eq. (39)
takes the form
t(k, 0) = F˜1(k, 0)/F˜3(k, 0), (44)
where F˜1(k, 0) is given by
F˜1(k, 0) = −16ik3ρ3 sin kpiρ cos [(pi − ϕ2)kρ]. (45)
Equation (45) shows that the transmission coefficient vanishes if sin kpiρ = 0209
or cos [(pi − ϕ2)kρ] = 0 and the function F˜3 remains non-zero.210
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Figure 6: Transmission probability T versus the dimensionless wave vector kρ for the case
of non-opposite contacts (ϕ1 = 0, ϕ2 = 14pi/15). The impurity is located at the point
ϕ3 = 1.1pi. (a) The magnetic field is absent. (b) The magnetic flux is equal to η = 0.05.
The presence of the impurity leads to shift of transmission zeros from
the values kρ = n (Fig. 6 a). The positions of zeros are determined by the
16
equation
2kρ sin kpiρ cos [(pi − ϕ2)kρ]
−v sin[(2pi − ϕ3)kρ] sin(∆ϕkρ) = 0. (46)
Equation (46) shows that if the impurity position is defined by ∆ϕ =211
±lpi/m (l and m are integer) then zeros are situated at kρ = n where n212
is integer multiply m. The magnetic field leads to disappearing of zeros at213
kρ = n (Fig. 6 b). In contrast to the collapse of the Fano resonances the214
depth of dips decreases while the width remains finite. Transmission zeros215
on the complex plane are shifted from the real axis and corresponding dips216
do not reach zero in the case of the applied magnetic field. The energy deter-217
mining the position of the zero on the complex plane acquire an imaginary218
part which increases with the magnetic field. Thus there are two different219
mechanisms of disappearing of zeros in the system: the first one is collapse220
of the Fano resonance and the second one is shift of the transmission zero221
from the real axis in the complex plane. We mention that the collapse of the222
Fano resonance is accompanied by increase in symmetry of the system while223
the second mechanism is caused by decrease in symmetry.224
Wemention that the transmission reaches maximal value when the system225
has mirror symmetry. In particular, the height of the conductance peak is226
maximal if the impurity is located in the middle of an arc connecting contacts227
and parameters of contacts are equal.228
4. Discrete levels in the continuum229
It is known [26, 27, 28, 29] that the collapse of the Fano resonance is
accompanied by appearance of the discrete level in the continuous spectrum.
This level corresponds to localized state on the ring. The wave function ψdρ
corresponding to this state has to satisfy the boundary conditions (6) and
(10) and vanish at the points of contacts
ψdρ(ϕ1) = ψ
d
ρ(ϕ2) = 0. (47)
If the electron energy coincides with the eigenvalue Eηm of the Hamilto-
nian Hρ then the wave function is a linear combination of the corresponding
eigenfunctions. The eigenvalues Eηm are non-degenerated if 2η is not integer.
In this case, the eigenfunction has the form
ψmρ (ϕ) =
1√
2pi
eimϕ. (48)
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The function ψmρ (ϕ) has no zeros and therefore it does not satisfy the condi-230
tion (47).231
At integer and half-integer values of the magnetic flux η the eigenvalues
Eηm are double-degenerated. The general form of the wave function for these
cases is given by
ψρ(ϕ) = C1e
imϕ + C2e
−i(m+2η)ϕ, (49)
where C1 and C2 are some coefficients. It is easy to obtain the function of
the form (49) which vanishes at ϕ1 = 0
ψdρ(ϕ) =
1√
pi
exp (−iηϕ) sin [(m+ η)ϕ] . (50)
According to Eq. (47) the function ψdρ (ϕ) has to vanish at the point ϕ2.
Since the wave function (50) is smooth it has to vanish at the point ϕ3 to
satisfy the boundary condition (6). Therefore the discrete level appears in
the continuous spectrum if the wave function given by Eq. (50) has zeros at
all perturbation points on the ring. Positions of the impurity and the second
contact corresponding to the collapse of the Fano resonance at Eηm are given
by the following equations
ϕ2 =
n2
m+ η
pi, ϕ3 =
n3
m+ η
pi. (51)
where n2 and n3 are arbitrary integer numbers. Equation (51) coincides232
with the condition of the collapse of the Fano resonance obtained in previous233
sections.234
In the case of E 6= Eηm the wave function corresponding to the discrete
level should have the form
ψdm(ϕ) = A3G(ϕ, ϕ3, E). (52)
Applying the boundary condition (6) to the function (52) we obtain the
equation
Q33(E) +
2
v
= 0. (53)
determining the energy of the discrete level associated with the impurity. In
the case of the zero magnetic field Eq. (53) is written in the form
cot pikρ+
2kρ
v
= 0. (54)
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However Eq. (53) is not enough for appearance of the discrete level in the
case of attached leads. The condition (47) has to be satisfied in addition to
Eq. (53). That means the contacts should be situated at zeros of the function
(52). Applying the boundary conditions (47) to the wave function (52) we
obtain the conditions of appearance of the discrete level
Q31(E) = Q32(E) = 0. (55)
This equation is valid only at special positions of the impurity and at special235
energies. We note that the function (52) has no zeros at irrational values236
of the magnetic flux η. Furthermore the position of zeros depends on the237
strength of the impurity potential. Therefore the positions of contacts have238
to be coordinated with the value of impurity potential. The coordination239
does not take place for all levels at the same time. Hence only one discrete240
level can appear in the continuous spectrum at E 6= Eηm. By virtue of the241
symmetrical property of the function (52), the appearance of this level is242
more likely if the contacts are situated on equal distance from the impurity.243
5. Case of two impurities244
In the general case of arbitrary location of impurities and contacts, the de-245
pendence of transmission coefficient on the electron energy contains different246
type of overlapping resonances and oscillations. The dependence is irregular247
in this case and hardly analyzable, therefore we will restrict ourselves by the248
configuration of diametrically opposite contacts.249
If the angles defining positions of the impurities are incommensurable and250
magnetic field is absent then the dependence T (kρ) exhibits Fano resonances251
(Fig. 7a) in the vicinity of the values kρ = m where m is integer. If the252
impurities are located at equal distances from the contacts (ϕ4 = 2pi − ϕ3)253
then the simultaneous collapse of all Fano resonances occurs (Fig 7b).254
The wave function of the discrete level associated with the collapse in the
case of two impurities at E 6= Eηm has the form
ψdm(ϕ) = A3G(ϕ, ϕ3, E) + A4G(ϕ, ϕ4, E). (56)
The energy of the discrete level is defined by the equation∣∣∣∣ Q33(E) + 2v Q34(E)Q43(E) Q44(E) + 2v
∣∣∣∣ = 0. (57)
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Figure 7: Transmission probability T versus the dimensionless wave vector kρ for the case
of diametrically opposite contacts and the zero magnetic field at u = 10 and v = 5. (a)
Two impurities are located at points ϕ3 = 0.8pi and ϕ4 = 1.15pi. (b) The impurities are
located on equal distance from each contact (ϕ3 = 0.83pi and ϕ4 = 1.17pi).
The condition (47) should be satisfied in addition to Eq. (57). At zero mag-
netic field, the Green function G(ϕ, ϕj, E) has the property
G(ϕj −∆ϕ, ϕj , E) = G(ϕj +∆ϕ, ϕj, E). (58)
Taking into account Eq. (58), one can see that the wave function
ψdm(ϕ) = A3[G(ϕ, ϕ3, E)−G(ϕ, ϕ4, E)]. (59)
satisfies the boundary condition (47) at arbitrary energy. Therefore the pres-255
ence of the mirror symmetry in the system leads to simultaneous collapse of256
all Fano resonances. The Fano resonances appear again if the symmetry is257
broken by shift of any impurity or by different values of point potentials258
(v1 6= v2). Collapse of several Fano resonances in vicinities of kρ = m occurs259
if the positions of the impurities are given by ϕ3 = n3pi/m and ϕ4 = n4pi/m260
where n3, n4 and m are integer.261
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Figure 8: Transmission probability T versus the dimensionless wave vector kρ for the case
of diametrically opposite contacts and zero magnetic field at u = 10 and v = 5 in presence
of two impurities located diametrically opposite at points ϕ3 = pi/15 and ϕ4 = 16pi/15.
If the impurities are located in diametrically opposite points (ϕ4 = ϕ3+pi)262
then the maximal values of transmission peaks reach unity (Fig. 8) in contrast263
to the case of single impurity. Hence the addition of the second impurity at264
the diametrically opposite point leads to increase of the conductance due do265
constructive interference.266
It should be mentioned that the destructive interference at half-integer267
values of the magnetic flux leads to the perfect reflection if the system has268
mirror or inverse symmetry. Therefore the transmission coefficient vanishes269
at the half-integer magnetic flux if two identical impurities are located at270
diametrically opposite points (ϕ4 = ϕ3 + pi) or at the same distance from271
contacts (ϕ4 = 2pi − ϕ3).272
Zeros of transmission coefficient disappear in the magnetic field with mag-273
netic flux η 6= n/2 where n is integer. The similar effect has been considered274
in the case of one impurity and illustrated by Fig. 6.275
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Conclusion276
We have investigated the electron transport in the two-terminal Aharonov–277
Bohm ring with impurities. Using the zero-range potential theory we have278
obtained analytical expressions for the electron transmission coefficient as a279
function of the electron energy. The effect of the magnetic field and position280
of impurities on the electron transport has been studied. We have found281
that the dependence of the transmission coefficient on the electron energy282
exhibits oscillations caused by the interference of electron waves on the ring.283
The presence of impurities can lead either to decrease or to increase in the284
transmission coefficient. In particular, the transmission increases in presence285
of impurities due to breaking of the destructive interference if the value mag-286
netic flux through the ring equals to half-integer number of the magnetic287
flux quanta. The ring without impurities may be considered as ideal electron288
mirror in this case.289
Our analysis shows that the dependence of the transmission coefficient290
on the electron energy exhibits Fano resonances at certain energies. These291
resonances consist of the sharp transmission peak and the nearby transmis-292
sion zero. In the complex plane of energy, the Fano resonance is represented293
by pole and nearby zero of the transmission amplitude. Resonances arise294
as a result of interaction between discrete level and continuous spectrum.295
The necessary condition of appearing of the Fano resonance in the quantum296
ring is partial symmetry breaking by the magnetic field or the asymmetrical297
location of impurities or contacts. We have found that the collapse of Fano298
resonances occurs at certain parameters of the system. In this case, the pole299
and the zero of the transmission amplitude coincide and cancel each other.300
The discrete level immersed in the continuous spectrum arises in this case.301
In particular, collapse of the Fano resonance in the vicinity of the discrete302
level Eηm occurs if all perturbations on the ring are situated at zeros of the303
wave function defined by Eq. (50).304
Another mechanism of disappearing of transmission zeros is possible in305
the system in addition to the collapse of Fano resonances. The zero may306
be shifted from the real axis in the complex plane. In this case, the dip of307
transmission coefficient is conserved but the minimum value does not reach308
zero. We mention that the collapse of the Fano resonance is accompanied by309
increase in symmetry of the system while the shift of the zero is accompanied310
by decrease in symmetry.311
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